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BOUNDS FOR INTEGRAL SOLUTIONS
OF DIAGONAL CUBIC EQUATIONS
BY
KA-HIN LEUNG'

ABSTRACT. It was proved by Davenport [3] that for the nonzero integral A; the
equation A x{ + -+ +Agx3 = 0 always has a nontrivial integral solution. In this
paper, we investigate the bounds of nontrivial integral solutions in terms of A ... ,Aq.

1. Introduction. Pitman and Ridout [9] proved that for every 8 > 0, there exists a
constant ¢, with the following property. If A,,...,A, are nonzero integers, then the
equation

(1) Alxi;—l—.-..{_xgxgzo
has a solution in nonzero integers x,,. . .,x,, such that
N3] 4 - ] Agxd [<cp| Ay -+ Ag |70

They conjectured [9] that it should be possible to obtain bounds for integral
solutions of the equation

() Axi 4+ Agxg =0
where A,...,Aq are nonzero integers.
However, their method cannot be directly extended. In this paper we shall use I.

Danicic’s [7] idea and improve Davenport and Roth’s [6] results to overcome the
difficulties and prove the following

THEOREM 1. For every § > 0, there exists a constant cq, depending on 8 only, with
the following property. If N,...,Aq are nonzero integers, and not all of the same sign,
then (2) has a solution in positive integers x,,. . ., xg such that

[N |+ o | Agxd | <cp| Ay - Ag|P/OFE,

2. Notation and general lemmas. Let A,(i = 1,...,8) be given nonzero integers
such that P =| A, | for all i. We write

8
I = H [A;]
i=1
and define

S,-(a)=2e(}\ix,3a), i=1,...,8,

Xi
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184 KA-HIN LEUNG

where e(y) = exp(2myi) and x; runs through all integral values in the range
(3) P<|\|"3x,<2P, i=1,...,4,
P‘/5<|)\j|‘/3xj<2P“/5, j=5,...,8.

Throughout the paper, the letters a, g, a;, q; always denote integers. In the following
lemmas, § denotes a fixed small positive number and ¢ denotes an arbitrary small
positive number, not the same throughout. The constants implied by the notation 0,
<, > are always independent of the A, and of P, and without loss of generality, we
assume the constants are greater than or equal to 1. In this section they depend only
on 8 and ¢; in later sections they will depend only on 6, § and & and so ultimately on
0, since & and ¢ will be determined by 6.

LEMMA 2.1. (i) If p is prime and (a, p) = 1, then

S(a, p) <2P2

(i) If (a, q) = 1, then S(a, q) < q*/* where S(a, k) = 2*_ e(ax’/k).

PROOF. Both (i) and (ii) are particular cases of Lemmas 12 and 15, respectively, of
(4].

LEMMA 2.2. If | B|< %, then

8p3
1(B)= 3 sm*%(pm) < Pmin(1, P~ |B|")
m=P?
and
8P|2/5
I(B)=Z 3m™>/%(Bm)<P* min(l, P"*/*|B|").
m=P|2/5

PROOF. See [1, Lemma 3].
Now for all @ € [0, 1] = I, A& can be represented in the form
4)
Na=(a,/q;) + B, where(a; q,) =1,
0<q<(N[P), BI<g (NR)TT i=1,8,
0<q < (IA[2P)™0, | Bl< g (N 2P0) 7,

LEMMA 2.3. Suppose that A ;a is in the form of (4). Then:
() If1<i<4,

Si(a) =| A, [73¢7'S(a;, ¢.)I(=B/A,) + 0(g2/*+)
<| A,V V3Pmin(1, P |A,/B;)).
G)If5<i<8,
S(«) =| A, |7%¢7'S(a;, g )I'(2B/A,) + O(g27/°*F)
<[\ [ 3P4 min(1, P~12/%|\,/B, )

where * is the sign of \,.



INTEGRAL SOLUTIONS OF DIAGONAL CUBIC EQUATIONS 185

PROOF. This is essentially the same as [1, Lemmas 7-10].
LEMMA 2.4. Suppose that A ;a satisfies (4) and, in particular,
(A 72P) ' < g < (IN72P)"° if1<i<a4,
(| )\i |_l/3})4/5)|—‘s <g =< (| }\,- |‘l/31"4/5')2+‘s ifs<i<8.
Then
(5) Si(a) <(|A,'7°P)
Si(a) < (A, [72P43)*0 ifs<i<a.

PROOF. See [1, Lemma 13].
Before we proceed, we rearrange A, so that

3/4+6
A if1<i<a,

(6) A=A 1=A], 7=3,....8,
and if A\\A, > 0, choose A5 s.t. A;A; < 0 and define, forany g =0, h =0,
(7) K, (8 h) = [|S(a) [£] S(a) " da
I
fori=1,...,4,j =5,...,8. In proving the following lemmas, (6) is assumed.
LEMMA 2.5.
. _ 2+e
(i) K,;(0,4) < (|A,["'72P43) .
(11) Kij(o’ 8) < (l }‘j |—1/3P4/5)5+s.

PROOF. See [9, Lemma 5].

LEMMA 2.6. Let N'(m) be the number of solutions of x> +y> — x> —y? =0

mod m, where 1 < x, y, x', ' < m. Then N'(m) < m"/2**,
PROOF.
m 4 2m?
N'(m) Zf 2 e(ax®)) Y e(mxa)da
N x=1 x=-2m?
m 8 2m? 2 1/2
< / 2 e(ax?) da[ > e(mxa)| da
Nx=1 I x=_2m?
< m"”/?*¢ by Hua’s inequality.
LEMMA 2.7.
(i) K,.j(2,4) <[\, V3 y |-2/3p13/5+e,
(i) K,;(2,6) <[\, V3| A, |7/6P1/5%e,

PROOF. It is essentially the same as [6, Lemmas 5 and 6] for |A,|<|A;| . Since we
may have |A;|=|A;|, we need Lemma 2.6 to improve the result. We omit (ii) and
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prove (i) only. The integral is equal to the number of solutions
(8) MNP =x?)+ N (P22 =y —27) =0
in integers satisfying

P<|\|"x, |A\ V3 <2pP, PYS <|)\j|'/3 (y,z,y',2')<2P%¥>.
For these solutions with x = x’, the number of pairs of y, z, y’, z’ satisfying
(8) < (|A;|"'/3P#/%)**¢ The number of this kind of solution is therefore

<<| }‘i |—l/3 | }‘j |'2/3PI3/5+5.

Now we estimate the number N of solutions with x’ > x. Let x’ = x + . (8)
becomes
9) NQGBx2+3x? +23) = A (yP + 22— yP = 2%) =0,
and we observe that 0 <z <|A,|""/3P2/% Let N(t, y’, z’) denote the number of
solutions for prescribed values of ¢, y’, z’. Then

N= 3 N(t,y’,Z’)s( ) 1)1/2( 2 Nz(t,y’,z'))m:(Nl)'/z(Nz)'/z,

ty',z t,y',z’ t,y', 2
say. It is obvious that N; <|X,["'/?|A,|"/?P2. Also N, represents the number of
solutions of
A(3xP+ 3x22 4+ 1%) — }\j(yl3 +z3 —y? —2?) =0,
A(3x2t 4 3x,02 + 13) — )\j(yz3 +z3—y?—z?%)=0.
The number of solutions of these simultaneous equations with x, = x, is < P*N.
With regard to the solution for x, # x,, that would imply
3NH(x, = x3)(x, +x, + 1) = Aj(yf + 2z} =y} —23)
for values of y,, z,, ,, z, such that the right-hand side is a multiple of A;. We can
determine the values of x,, x,, ¢ with p® possibilities, and the values of y’, z” are then
determined by either of the two equations with p® possibilities. Thus the number of
solutions with x, # x, is < (|A,|["'/°P**)*m™*N'(m)P¢, where m =|A,/(A;, A)) |
and N’(m) is defined as in Lemma 2.6. Hence
_ -1/3+¢
<N 2PN /1A )
By a similar argument applied to (9),
N <<| }‘i |—1/3 | )\j |—1Pl6/5+5.
It follows that N, <|A;|"'/?| X, |"'P'¢/*, giving the desired result
N <<| )\i |-|/3 | Aj|—2/3Pl3/5+e.

:| }‘i |-1/3 | )\j |_|P16/5+£.

x’ < x is similar.

LEMMA 2.8. Let A, = {a € I S(a) >|\,|"V/4P3/4+23) i = 1,...,4. Then:

(i) [ 5@ da <A, 1w,
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(ii) f |S,(a) [P da <| A, [/4pY/4-28+e,
A;

PRrOOF. (i) For every a in 4;, we determine a,, g; such that (4) is satisfied, so by

Lemma 24,0 < g, < (|A;|""/>P)' "% and, by Lemma 2.3,
[N [P A20 < S (@) [« g7 /2 |\, [/ 2Pmin(1, P N,/B;)

which imply
(10) 0< qi <<| )\i |']/4P3/4—68, |:Bi/Ai |<< qi—l/3 | >‘i |—I/12P-H/4—28.

Let F, , denote the interval of values of a satisfying (4) and (10). Since 4, C U F, .
where g, satisfies (10) and | g, |<|A,q;]| ,

[15(@)Fda<T T [ |S(a)fda
A a a; " Fag,
where the summations a,, g, are as before.
- e
[ 18(@) [ da [N\ g0 dp+ [T PN P28 dB,
Fora 0 PN
<|A;|%q;2P>.
So
/ |S;(a)|Pda <3 SN, [2g72P? <|\, [P,
Ai q; 4a;
(ii) follows easily from (i).

LEMMA 2.9. Assume that P > T1°%/%*, Then:
(@) Fori=1,...,4,j=15,...,8,

[, 1S(@) P IS (a) [ dac< A [ A, [P0 ifi =1,
<<| Ai |—2/3 | Aj |—7/9P67/20+28+e ifi = 1.
(ii)
K;;(3,4) <|A, [T\ |23pS/ 042 e 1=2,3,4,j=5,...,8.

PRrROOF. (i)
‘1/3
[15(@)F15(a) |“da<<K,~,(2,6)2/3( [15(a) Pda.-’ \
4, 4, :

<<| )\i |-17/36 | 7\,' |-7/9Pl97/60+e:,

Using P > I1**/24 which implies P >| A, [**/%* and P >|A, /12 if i + 1, (i) follows.
(if) |

KG9 <[ 1S(PIS(@['dat [ [5(a)P]S(e)]" da

<<| }\i |—7/l2 | >‘j |-2/3P67/20+28+e + | Ai l-l/4P3/4+28Kij(2’4)'
By (i) and Lemma 2.7(i), (ii) follows.
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3. Minor arcs for the proof of Theorem 1. We let 9U(P) be the number of integral
solutions of (2) which lie in the ‘box’ determined by (3). We shall show that for a
given positive number 8, there exists a positive constant Dy, independent of A;, such
that if P' % > D,IT%5/%4, then 9(P) > 0. So we may take P such that D,I13/%* <
P'7% < 2D,I1%/?4 which will imply there exists a solution of (2) in nonzero integers
with

2|>\ixi3|< 8(2D0H35/24)3/“—9) < K,II/%0-9),

where K, depends on 6 only, so for every ¢ > 0, we can find 0 < <1 such that
35/8(1 — 6) < 35/8 + ¢, and hence Theorem 1 follows.
We now use

8
€N(P) =[lV(a) da, where V(a) = [11 S.(a)

and estimate 9U(P) will be of the form cII~'/37¢P2!/5 where ¢ > 0, and the error
terms are substantially smaller than IT-'/3P?!/5 provided P is substantially larger
than IT3%/24,

By Dirichlet’s theorem on diophantine approximation, for each a in I and i, there
exists a rational approximation a;/q; to A,a such that (4) holds. Let S = U% B,
where

B, = {a €I: Si(a) <[\, [V4P3420} 1<i<4,
B = {a € I: 5(a) <|A,[V4P¥/35*20) | 5<j<8.
LEMMA 3.1. [5| V(@) | da < TI-3/16p41/10+40+e
PrOOF. We may assume that the constants implied in defining 4; and B, are the

same for i,...,4. Then 4, = I\ B,;,i = 1,...,4.
LetdA=A4,NA4A,NA;N A, and

S=(B,NB,)U(B,NA,)U(B,NA) U (By;NA NA,)

8
U(B,NA4 NA4)u U (B na4).
j=5
@®
4

8 1/8
[ V(@] da<in, [, r'/“PW“( 1 K,»,(z,4))
B\NB, i=3 j=5

< [[-3/16p41/10+48+e
By Lemma 2.7 and notice that |A, | , |A,|=|A, | forj = 3,4,...,8.
(i)
f | V(a)| da.
A,

B,

oo

/120 4 g 1/12
<A I"/“P3/‘+2"( II fA | Sy(a) | () I“da) (H II K,»,(3,4)) :
Jj=5"12

i=3 j=5
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By Lemma 2.9,

<<l >‘l |—l/4 ‘ }\2 |—2/9 ‘ }\3 |—7/36 l )\4 |—7/36 | )\5 . >‘8 |-l9/108P4I/|0+48+e

< [I-3/16p41/10+48+e
Similarly for B, N A4,.

(1ii)
V(a)|da
ByN (A, NA,)
1/12

8
0/ IS(a)PIs(e)lda

4
<<| AJ |—I/4P3/4+28 H
= 5 A|n/‘12

*

k=3’
By Lemma 2.9,
< A PN 2 A A AL T8 Ay - A [P/ TTPA /104484
< [[-3/16p41/10+48+e

Similarly for B, N 4, N A4,.
(iv) Forj =5,...,8,

1/12
4 8
fy o @ tda<inap el T 18(a) 1] S(a) P da
J k=1 m=5
m¥*j
4 8 1/24
<P 4P/ 1T Ky (2,6) [ [Si(e) [ de
k=1m=5 Ay
m#j

By Lemmas 2.7, 2.8 and using the fact that P > II,
< [[-1/6p4+28  [[-3/16p41/10+48+e
Summing up (i) to (iv) the desired result follows.
4. Major arcs for the proof of Theorem 1. We define
M= {a €S:5(a) >\ [P/ =1, 4,
and S;(a) >|A,|7//4p3/5¥28 =5 8}

Since we have assumed the constants implied are greater than or equal to 1,

Lemma 2.4, the rational approximation a,/q; which satisfies (4) must satisfy

<(INP)'T0 i=0,4 g <(IN[PS) T =58,

By Lemma 2.3, this will imply that
(11)

0<g<(M[VP) B/ ISINYIPTVAR, =1, g,
0<q, < (A [R5 B/ <IA [V/2PN/5 =58,

We consider several lemmas before we proceed.

189

by
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LEMMA 4.1. (i) If P > 4|X,|'/?, then there is at most one approximation a,/q; to
A, a such that (4) and (11) hold.
(i) If P > 4| X A, | and (4) and (11) hold for i = j, k (j # k), then

a,/\;q; = a,/M 4y

(iii) If (4) and (11) hold, then

1B1<q (A [VP)T0 =14,

1B1< g (N '2P5) 770 =58,
ProOF. The proofs are essentially the same as [9, Lemma 8)]. We prove (iii) only.
(iii)

| B g <IN TY/PPTVAT(IN P APY) (= 1,..004)
< (A, 72P) 0

Similarly forj = 5,...,8.

Suppose that & € M and for each i let a,/g; be an approximation which satisfies
(4) and (11). Since we have assumed P > I13%/24 by Lemma 4.1(i), a,/q, are unique
for A\;a and, by (ii), a;/A;q;, = a,/\,q,, for all j, k. Hence there exist unique
integers a, ¢ such that (a,q) = 1, ¢ > 0 and

(12) a,/q; = \a/q

for all i. Let

(13) §=(,q), i=1...8

Then

(14) a,=\a/s, q, = q/8;.

By (11), we have

(15) 0<q<;g§g {8i|)\i| 1/4p3/4 5 |\ | 1/4P3/5}
and

(16) la —a/q|<|A, |“/12P‘“/4_25.

Since P > I1%/?* and (6) is satisfied, this implies P >|A, [**/?* and P >| X, |**/® for
j=3,...,8

(17) Pl9/35 < mm{| p2/3s |"/4P3/4, (P8/35)_'/4P3/5}
< mi Ik |F1/4p3/a s 1\ |-1/4p3/s
min {8, [VPYA, 8 [N |74
5</<8

< (p8/35)3/4P3/5 < p4/5.

We define I, , to be the interval determined by (16). By previous argument, if
a € M, then every rational approximation a,/q; satisfying (4) must satisfy (11),
which implies a € I, , for some a, g such that 0 < a < g — 1 and g satisfies (15).



INTEGRAL SOLUTIONS OF DIAGONAL CUBIC EQUATIONS 191

Conversely, suppose that a, g are integers such that (a,q)=1,¢>0,0<a<gq
— 1 and (15) holds, where the §; are defined by (13). If « belongs to the interval 1, ,
defined as above, then a € I and the approximation a,/q;, such that (a,,g,) = 1
and g, > 1, defined by (12), satisfy (11) and (14), and these intervals do not overlap
because of the uniqueness of the a,/q;.

By Lemma 4.1(iii), we can always use Lemma 2.3 to estimate S;(a) for a in M. We
can now estimate the contribution from M to 9U(P).

Lemma 4.2. If § < 1 /30,

(18) [ V(«)da =TI SR(P) + O(P™/)

qg—1

g (QI T QS)_IS(‘JI» q]),.‘.,S(aB, ‘Ix)»
(afl;)():l
the a,, q, are defined by (13) and (14), and R(P) > P?'/3,

e}
where S = Y
g=1

PROOF. Suppose a € M and define a,/q; by (13) and (14) and write
B:a_a/q:Bi/Ai’ l:1,,8
Then by Lemma 2.3,

V(ia) = ' ].:I qi_IS(ai’ qi)I(iB)) (

i=1

8
q;'S(a;, ¢;)I'(+B)) + E,
=5

J
where = is the sign of A, and the error E satisfies

8 8
E < 2 q12/3+e H |>\j |-1/3qj-|/3 P32/5(min(1, P—3‘B|_1))2

i=1 Jj=1
VEall

< q'5/3+‘(min(l, P3|B |"))2.

Since | A;| g < ¢, < g for all i by (13) and (14),

fEda <<2’2’f 4_5/3+8P32/5min(1, P—6|B|—2) da
M g a I

a.q

<<2/2/q—5/3+epl7/5 < p19/5 by (17)’
q a

where 33 denotes the range of g defined in (15), (a,q) = 1 and 0 < a < g. Since
the 7, , do not overlap, it follows that

(19) fMV(a) da = H_]/32l2,(‘11 T ‘13)_1S(a|’ ) ~~’S(‘18’ qs)

4 8
xf T 1(=8) [ 1'(B) da + O(P"/5).

Ia,qizl J
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The error caused by replacing 7, , in (19) by the interval [« — a/q|< § is

«IEE g q) " P min(1, P2 BI) de,
q a

a.q
where I} is the set @ = a/q + B such that
%ZIB|>|7\| |—|/|2P-1|/4—26 > p-17/6-28 > P-3,

since P >|\, | and 28 < {.
Now, for any pair q, ¢,

_ “1/3 5 _ _
o 1/3(qI e gy) p 24/5/1‘ B da < g-8/3p37/10+65
a.q

Hence the total error is certainly

oo g1
« p37/10+68 2 2 g8 < p3/10
g=1a=0

provided that 68 < 1. Thus we have

(20) fMV(a) da = H_l/3212’(‘1| T -qs)-lS(al, q,) 'S(as"IS)R(P)

+0(P19/5),
where
1/2 : 8 , _8 -2/3
@) RP)=[T TR I(B)dB=3" T (m - mp)
-1/2i=) Jj=5 my,..., mg
by definition of I(8) and I'( 8), where
(22) PP’<m, <8P i=1,...,4,

and =m, = m, = - tmy = 0.
Since either A, or A, has sign different then A,, without loss of generality, we
assume A,A, < 0. So now the last condition is

(23) m =m;+my+my+ - Fmyg
for each (m,,...,m,) such that
4P <m,<5P3, P*<m,<S5P3/4, i=3,4,

and the integer m, defined by (23) satisfies P*> < m, < 8P>. Thus the number of
solutions of (23) such that (22) holds is > P°P*¥/5, For any such solution we have

(ml cte mg)_2/3 = 2—16P‘8P-32/5.

Thus R(P) » P?'/3 as required.
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The error caused by extending the range of summation for ¢ to infinity is

] ~ 1,2 . - _
<II '/32 2(‘11 "+ qg) l/3})36/5'/‘1/2mm(1’ F 6|B| Z)dﬁ
q a B
< H"/32 2(‘11 o “18)_1/31)2‘/5’
q a

where g is summed over the range ¢ > P'*/3, and a is as before. We consider a
particular set of divisors 8,,...,8; of A,...,Ag, repectively. The contribution to the
above from those pairs a, g corresponding to §,...,8; is

<<H"/3(8,~~-88)V3P2‘/5 2 q-5/3‘

g>P'%

Thus the contribution from these a, g is
< H-|/3P21/5(81 . .88)1/31_)-38/105 < [I-1/3p21/ST[1/3p-38/105  p39/10—e

Since IT < P, the number of different possibilities for &, - - - 85 is O(P*), and it
follows that the total error is < P3%/'°. Hence the result followed.

5. The singular series. Firstly, we assume that the A, are cube-free and no prime
divides more than five of them. The following lemma shows that the assumption
may be made without loss of generality.

LeEMMA 5.1. If Theorem 1 holds provided the A, are cube-free nonzero integers such
that no prime divides more than five of them, then it holds for every set of nonzero
integral \,.

PROOF. The proof is essentially the same as [9, Lemma 5].
We now investigate the singular series © defined by (18). Since S(A;a, q) =
8,;S(a;, q;) and S(A;a, q) is periodic of period ¢, we may rewrite the series as

§ é g7 (N\a,q) - S(Aga, q).

qg=1 a=1
(a,9)=1

For p prime, we define

o P 8
(29 X(p)=1+ 3 3 P s(ha )

v=1a=1

and M(P") to be the number of solutions (mod p”) of the congruence

(25) % Ax}=0 (modP”).

i=1

Similar to [9, §6], we have
(26) x(p) = lim P7"M(P*) and &= [Ix(p),
v P

where the product is over all primes p.
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LEMMA 5.2. (1) If s = 3, p is any prime, and pt |\, - - - A, | , then there is a nontrivial
solution (i.e. one with some x; = 0) of

(27) SAx3=0 (mod p).
i=1

(ii) Suppose that p + 3 is a prime such that A,,...,\, are not divisible by p and
A, 41s---,Ag are divisible by p, and let 9U( p) denote the number of nontrivial solutions
of (27). Then for all v > 0,

M( pv) >p7(v—l)+(8—s)%(p)‘
(ili) If \|,...,Aq are cube-free and v = 6, then My3") = 379,
PrOOF. The proof is essentially the same as [9, Lemma 10].

LEMMA 5.3. (i) There is an absolute constant C, > 0 such that
1
[Ix(p)=5 (ptIL p>Cy).
P

(ii) There is a constant C, = C,(¢&) > 0 such that
[Ix(p)=1  (ptl, p>G).
?

(iii) We have © >I17¢.
(The products in (i) and (ii) are over all primes p which satisfy the condition in
parentheses.)

PrROOF. See [9, Lemma 11].

6. Completion of the proof of Theorem 1. Assuming that P > I1**/2* and & < 4,
by Lemmas 4.2 (with ¢ = §), 5.2 and 3.1 (since we have I\ M C §), we have
N(P) = CII/H=p2/5 4 E,
where C, > 0 and
E < [[-3/16p41/10+58 | p39/10  []-3/16p41/10+58

< H-|/3P21/5(H-35/24P1 —0)“/101)58—8/10'

For given 6 > 0, we choose ¢ >0 and & > 0 such that ¢ + 56 < 6,20, § < 1/30.
Then P58—0/10 < P—e—0/20.

Since P >II13%/2* certainly holds if P'~%>II*/?4 it now follows from the
preceding paragraph that there is a constant D, such that 9U(P) >0 provided
P'7% > D,TI35/24 By the remarks at the beginning of §3 this completes the proof of
Theorem 1.
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